Non-Archimedean Abelian Polish Groups and Their Actions by Ding, Longyun & Gao, Su
ar
X
iv
:1
51
2.
07
67
7v
1 
 [m
ath
.L
O]
  2
4 D
ec
 20
15
NON-ARCHIMEDEAN ABELIAN POLISH GROUPS AND
THEIR ACTIONS
LONGYUN DING AND SU GAO
Abstract. In this paper we consider non-archimedean abelian Polish
groups whose orbit equivalence relations are all Borel. Such groups are
called tame. We show that a non-archimedean abelian Polish group is
tame if and only if it does not involve Zω or (Z(p)<ω)ω for any prime
p. In addition to determining the structure of tame groups, we also
consider the actions of such groups and study the complexity of their
orbit equivalence relations in the Borel reducibility hierarchy. It is shown
that if such an orbit equivalence relation is essentially countable, then
it must be essentially hyperfinite. We also find an upper bound in the
Borel reducibility hierarchy for the orbit equivalence relations of all tame
non-archimedean abelian Polish groups.
1. Introduction
A Polish group G is tame if any orbit equivalence relation induced by a
Borel action of G on a Polish space is Borel. It is well known that locally
compact Polish groups are tame. Solecki [17] showed that the converse is not
true. In fact he completely characterized tameness among product groups of
the form
∏
n∈ωHn, where each Hn is countable discrete abelian. It follows
from his results that Zω and (Z(p)<ω)ω, for any prime p, are examples of
Polish groups that are not tame. If G and H are Polish groups, we say
that G involves H if there is a continuous surjective homomorphism from a
closed subgroup of G onto H. If G involves H and G is tame, then so is H.
In this paper we completely characterize tameness for all non-archimedean
abelian Polish groups. These are exactly all closed subgroups of product
groups of the form
∏
nHn, where each Hn is countable discrete abelian. Our
result thus generalizes Solecki’s. The following is our first main theorem.
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Theorem 1.1. Let G be a non-archimedean abelian Polish group. Then the
following are equivalent:
(i) G is tame, i.e., any orbit equivalence relation induced by a Borel
action of G on a Polish space is Borel;
(ii) There is a decreasing sequence (Gk)k∈ω of open subgroups of G which
is a nbhd base of the identity element of G such that
(a) for all but finitely many k, Gk/Gk+1 is torsion, and,
(b) for any prime p and for all but finitely many k, Gk/Gk+1 con-
tains only finitely many elements of order p;
(iii) G does not involve either Zω or (Z(p)<ω)ω for any prime p.
Clause (ii) can be viewed as a description of the structure of all tame
non-archimedean abelian Polish groups. A similar structural theorem for
the so-called quasi-reduced case was independently obtained by Malicki [14]
recently. Clause (iii) says that Zω and (Z(p)<ω)ω are canonical examples
of non-tame non-archimedean abelian Polish groups, that is, any non-tame
such groups must involve one of these canonical examples.
We also consider the orbit equivalence relations induced by Borel actions
of tame non-archimedean abelian Polish groups. Our main results give some
upper bounds for these equivalence relations in the Borel reducibility hierar-
chy. For equivalence relations E,F on Polish spaces X,Y , respectively, we
say that E is Borel reducible to F , denoted E ≤B F , if there is a Borel func-
tion ϕ : X → Y such that for all x, x′ ∈ X, we have xEx′ ⇐⇒ ϕ(x)Fϕ(x′).
We will refer to the equivalence relation E0 on 2
ω, which is defined by
xE0y ⇐⇒ ∃n ∀m ≥ n x(m) = y(m).
If E is an equivalence relation on a Polish space X, then we also define the
following equivalence relations Eω and E+ on Xω:
(xn)E
ω(yn) ⇐⇒ ∀n xnEyn
(xn)E
+(yn) ⇐⇒ ∀n ∃m xnEym and ∀m ∃n xnEym.
Our main results on the complexity of the orbit equivalence relations are as
follows.
Theorem 1.2. If G is a tame non-archimedean abelian Polish group, then
any orbit equivalence relation induced by a Borel action of G is Borel re-
ducible to (Eω0 )
+++.
Theorem 1.3. If G is a locally compact non-archimedean abelian Polish
group, then any orbit equivalence relation induced by a Borel action of G is
Borel reducible to E0.
Both proofs use a theorem of Gao and Jackson [6] on the hyperfiniteness of
orbit equivalence relations of countable abelian group actions. Theorem 1.3
can be viewed as a generalization of the Gao–Jackson theorem, since count-
able discrete groups are locally compact. Theorem 1.3 is in fact deduced
from a more general result as follows.
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Theorem 1.4. Let G be a non-archimedean abelian Polish group and let F
be an orbit equivalence relation induced by a Borel action of G on a Polish
space. If E ≤B F and E is essentially countable, then E is essentially
hyperfinite (i.e. E ≤B E0).
The rest of the paper is organized as follows. In Section 2 we define some
basic concepts, fix some basic notation, and recall some basic results of the
subject. In Section 3 we give a general development of group trees and coset
trees. These are slightly more general than Solecki’s results but are mostly
straightforward generalizations. We will need these results in the subsequent
sections. In Section 4 we prove Theorem 1.1 and give some corollaries. In
Section 5 we compute some upper bounds for the ranks of coset trees and
group trees on tame non-archimedean abelian Polish groups, and use these
results to prove Theorem 1.2. In Section 6 we give the (short) proof of
Theorem 1.4 and deduce some consequences of the theorem. In Section 7
we construct a universal group among all tame product groups. Finally in
Section 8 we give some additional remarks and mention some further open
problems.
2. Background
2.1. Non-archimedean Polish groups. A topological group is Polish if it
is separable and completely metrizable. A Polish group is non-archimedean
if it has a nbhd base of its identity element consisting of open subgroups. A
prototypical example of non-archimedean Polish group is the infinite permu-
tation group S∞, i.e., the group of all permutations of N with the pointwise
convergence topology. By a theorem of Becker and Kechris ([1]; also c.f.
[4] Theorem 2.4.1), a Polish group is non-archimedean if and only if it is
isomorphic to a closed subgroup of S∞.
For non-archimedean abelian Polish groups, the following are some useful
characterizations.
Proposition 2.1. Let G be a Polish group. Then the following are equiva-
lent:
(i) G is non-archimedean abelian;
(ii) G is isomorphic to a closed abelian subgroup of S∞;
(iii) G is isomorphic to a closed subgroup of a product group
∏
n∈ωHn,
where each Hn is countable discrete abelian;
(iv) G is pro-countable abelian, i.e., there is an inverse system
Γ0 ← Γ1 ← · · ·Γn ← · · ·
of countable discrete abelian groups, with projection maps πi,j : Γi →
Γj for i > j, such that G is isomorphic to the inverse limit
lim←−
n
Γn =
{
(γn) ∈
∏
n
Γn : ∀n πn+1,n(γn+1) = γn
}
.
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Occasionally we will also consider a slight generalization of conditions
(iii) and (iv) in which the abelian assumption is removed. It is perhaps
worth noting that this case corresponds exactly to non-archimedean Polish
groups which admit two-sided invariant metrics. A Polish group G is TSI
if it admits a compatible metric d which is two-sided invariant, i.e., for all
g, h, k ∈ G, d(gh, gk) = d(h, k) = d(hg, hk).
Proposition 2.2. Let G be a Polish group. Then the following are equiva-
lent:
(i) G is non-archimedean TSI;
(ii) G is isomorphic to a closed TSI subgroup of S∞;
(iii) G is isomorphic to a closed subgroup of a product group
∏
n∈ωHn,
where each Hn is countable discrete;
(iv) G is pro-countable.
These results have appeared several times in the literature ([7] [10] [13]
[15]) and thus we consider them folklore. In this paper we only need the
equivalent formulations (iii) in the above propositions.
2.2. Universality of groups and orbit equivalence relations. If G is a
Polish group, X is a Polish space, and · : GyX is a Borel action, we define
the G-orbit equivalence relation EXG on X by xE
X
G x
′ ⇐⇒ ∃g ∈ G g ·x = x′.
By a theorem of Becker and Kechris ([1]; also c.f. [4] Theorem 3.3.4), for
any Polish group G there exists a G-orbit equivalence relation EXG such
that for any other G-orbit equivalence relation EYG , we have E
Y
G ≤B E
X
G .
Such an orbit equivalence relation is called a universal G-orbit equivalence
relation. Clearly a Polish group G is tame if and only if a universal G-orbit
equivalence relation is Borel.
If G is a Polish group and H is a closed subgroup of G, then by a theorem
of Hjorth and Mackey (c.f. [4] Theorem 3.5.2) a universal H-orbit equiva-
lence relation is Borel reducible to a universal G-orbit equivalence relation.
Similarly if G is a Polish group and H is a topological quotient group, that
is, H is a continuous homomorphic image of G. Combining these, we get
that if G involves H, i.e., if there is a continuous surjective homomorphism
from a closed subgroup of G onto H, then a universal H-orbit equivalence
relation is Borel reducible to a universal G-orbit equivalence relation. Thus
if G involves H and G is tame, then so is H.
Let C be a class of Polish groups closed under isomorphism. We say that
a Polish group G is universal in C if G ∈ C and any H ∈ C is isomorphic to
a closed subgroup of G. Similarly, G is surjectively universal in C if G ∈ C
and any H ∈ C is isomorphic to a topological quotient group of G. Finally,
G is weakly universal in C if G ∈ C and any H ∈ C is involved in G.
For instance, the class of all countable discrete abelian groups has univer-
sal elements as well as surjectively universal elements. To define them we
fix the following notation for this paper.
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Let ω and N denote the set of all natural numbers. We use them inter-
changeably, but tend to use ω as an index set and use N when some number
theoretic properties of natural numbers are needed. In particular, we will
use N+ to denote the set of all positive integers, and P ⊆ N+ to denote the
set of all primes.
For a countable abelian group A let A<ω denote the direct sum of count-
ably infinitely many copies of A, i.e.,
⊕
ω A. Let Z denote the additive group
of all integers, Q denote the additive group of all rational numbers, and for
each prime p, let Z(p∞) denote the p-quasicyclic group, i.e., Z(p∞) is the
additive mod 1 group of{
m
pk
: k ∈ N+, m ∈ N, 0 ≤ m < p
k
}
.
Then Z<ω is the free abelian group with countably infinitely many gener-
ators, and therefore is a surjectively universal countable discrete abelian
group. The group
A∞ =
⊕
p∈P
Z(p∞)<ω ⊕Q<ω
is a universal countable discrete abelian group (c.f. [16] 4.1.5 and 4.1.6).
For any Polish group Γ let Γω denote the infinite product group
∏
ω Γ.
Combining the above observations with Proposition 2.1 (iii), we get that
(A∞)
ω is a universal non-archimedean abelian Polish group, and (Z<ω)ω
is a weakly universal non-archimedean abelian Polish group. It was shown
in [5] and [7] that there are surjectively universal non-archimedean abelian
Polish groups.
2.3. Countable Borel equivalence relations and hyperfiniteness. An
Borel equivalence relation E on a Polish space is countable if every E-
equivalence class is countable. An equivalence relation E is essentially
countable if E ≤B F for some countable Borel equivalence relation F . If
Γ is a countable group and ΓyX a Borel action, then EXΓ is a countable
Borel equivalence relation. By a theorem of Feldman and Moore (c.f. [4]
Theorem 7.1.4), any countable Borel equivalence relation on a Polish space
X is the orbit equivalence relation EXΓ for some countable group Γ and Borel
action ΓyX. A theorem of Kechris (c.f. [4] Theorem 7.5.2) states that any
G-orbit equivalence relation, where G is a locally compact Polish group,
is essentially countable. In particular, any locally compact Polish group is
tame.
The following dichotomy theorem of Hjorth and Kechris, which is called
the Seventh Dichotomy Theorem ([11] Theorem 8.1), is relevant. It states
that, if G is any non-archimedean TSI Polish group and EXG is a Borel G-
orbit equivalence relation, then exactly one of the following is true for any
E ≤B E
X
G : either (I) E is essentially countable, or (II) E
ω
0 ≤B E.
An equivalence relation F is finite if every F -equivalence class is finite.
F is hyperfinite if there is an increasing sequence (Fn)n∈ω of finite Borel
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equivalence relations, i.e., Fn ⊆ Fn+1 for all n ∈ ω, such that F =
⋃
n Fn.
By a theorem of Dougherty, Jackson and Kechris (c.f. [4] Theorem 7.2.3) a
countable Borel equivalence relation E is hyperfinite if and only if E ≤B E0.
We say that an equivalence relation E is essentially hyperfinite if E ≤B E0.
It is a theorem of Gao and Jackson [6] that any Γ-orbit equivalence relation,
where Γ is a countable discrete abelian group, is hyperfinite. We will use
this theorem several times in the proofs below.
It is wellknown that there are countable Borel equivalence relations that
are not hyperfinite (c.f., e.g., [4] Theorem 7.4.10).
3. Group trees and coset trees
Group trees and coset trees will play a key role in the proofs of our
main theorems. In this section we give a development of these concepts
and their properties. Most of the results in this section are straightforward
consequences or generalizations of Solecki’s results in [17]. Nevertheless, we
include some details here since there are some subtle differences between
our approach and that of [17] and because we will need in the subsequent
sections certain results that are not explicitly stated in [17].
In this section we do not assume that the groups are abelian, and therefore
we will use multiplicative notation for the group operations. For the rest of
this section we fix a countably infinite sequence of countable discrete groups
(Hn) and let G ≤
∏
nHn be a closed subgroup. Let eH be the identity
element of
∏
nHn. For each m ∈ ω let πm :
∏
nHn → Hm be the projection
map.
To facilitate a descriptive set theoretic analysis of the situation, we think
of
∏
nHn as the set of branches of a tree TH . For each n ∈ ω, the n-th level
of the tree TH is the set
Hn = H0 × · · · ×Hn−1.
Then
TH =
⋃
n∈ω
Hn.
When m < n we continue to denote by πm the projection map from H
n to
Hm. If σ ∈ TH , the length of σ, denoted as lh(σ), is the unique n ∈ ω such
that σ ∈ Hn. Note that technically H0 = ∅, and therefore lh(σ) > 0 for
every σ ∈ TH . If σ = (π0(σ), . . . , πn−1(σ)) ∈ H
n and 0 < m < n = lh(σ),
then define σ ↾m = (π0(σ), . . . , πm−1(σ)) ∈ H
m. For σ, τ ∈ TH , we write
σ ⊆ τ if σ = τ ↾ lh(σ).
For x ∈
∏
nHn and σ ∈ TH , we also write σ ⊆ x if for all n < lh(σ),
πn(σ) = πn(x). For n ∈ N+ let x↾n be the unique σ ∈ H
n such that σ ⊆ x.
A subset S ⊆ TH is a tree if for any σ, τ ∈ TH , whenever σ ⊆ τ and τ ∈ S,
we have σ ∈ S. TH is itself a tree. If S ⊆ TH is a tree, then we let [S] denote
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the set of all branches of S, that is,
[S] =
{
x ∈
∏
n
Hn : ∀n ∈ N+ x↾n ∈ S
}
.
A tree S is wellfounded if [S] = ∅; it is illfounded otherwise. We have
[TH ] =
∏
nHn. It is easy to see that a subset of
∏
nHn is closed if and only
if it is the set of branches for some tree. Now that G is a closed subgroup
of
∏
nHn, we denote
TG = {σ ∈ TH : ∃x ∈ G σ ⊆ x}.
Then it is easy to check that TG ⊆ TH is a tree and [TG] = G.
For any m ∈ N+, H
m is obviously a group. Let πm :
∏
nHn → H
m be the
projection map. πm is a group homomorphism. Thus TG∩H
m = πm[G] is a
subgroup of Hm. In general, a tree S ⊆ TH is called a group tree if S ∩H
m
is a subgroup of Hm for all m ∈ N+. If S is a group tree, then in particular
S ∩ Hm 6= ∅ for all m ∈ N+, and therefore π
m(eH) ∈ S for all m ∈ N+.
It follows that for any group tree S, eH ∈ [S] and therefore [S] 6= ∅. Thus
group trees are always illfounded.
A tree S ⊆ TH is a coset tree if for all m ∈ N+, whenever S ∩H
m 6= ∅, we
have that S∩Hm is a left coset of a subgroup of Hm. Note that S∩Hm is a
left coset if and only if, whenever σ1, σ2, σ3 ∈ S∩H
m, we have σ1σ
−1
2 σ3 ∈ S.
When S ∩Hm is a left coset of a subgroup of Hm, the subgroup is uniquely
determined: in fact it is σ−1(S ∩Hm) for any σ ∈ S ∩Hm. This induces a
canonical way to produce a group tree from any coset tree. For any coset
tree S ⊆ TH , let
Γ(S) =
⋃
n∈N+
Γn
where Γn = σ−1n (S ∩ H
n) if σn ∈ S ∩ Hn 6= ∅, and Γn = {πn(eH)} if
S ∩ Hn = ∅. Then Γ(S) is the canonical group tree corresponding to S.
Moreover, if S ⊆ TG, then Γ(S) ⊆ TG. A group tree is also a coset tree.
Conversely, a coset tree S is a group tree exactly when Γ(S) = S. In contrast
with group trees, coset trees can be wellfounded.
A crucial concept about coset trees and group trees is that of their heights.
For any tree S ⊆ TH , define the derivative of S to be
D(S) = {σ ∈ S : ∃τ ∈ S (σ ⊆ τ and lh(σ) < lh(τ))}.
Then D(S) ⊆ S is a subtree of S. For any ordinal α, we defined the α-th
derivative of S by transfinite induction:
D0(S) = S; Dα+1(S) = D(Dα(S)); Dλ(S) =
⋂
α<λ
Dα(S),
if λ is a limit ordinal. The height of S, denoted ht(S), is the least ordinal
α such that Dα+1(S) = Dα(S). Also denote D∞(S) = Dht(S)(S). If S = ∅,
then technically S is a tree and ht(S) = 0. But ht(TH) = ht(TG) = 0
as well. By definition, when α < ht(S), there exists σ ∈ Dα(S) \Dα+1(S).
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Since TH is countable, all trees we deal with in this paper are countable, and
therefore their heights are countable ordinals. Thus for all trees S ⊆ TH ,
D∞(S) = Dω1(S). If S ⊆ TH and σ ∈ S, the rank of σ in S, denoted rS(σ),
is the least ordinal α such that σ ∈ Dα(S) \ Dα+1(S), if such an α exists,
and is defined to be ω1 if σ ∈ D
∞(S). For simplicity we denote the rank of
σ by r(σ) whenever the ambient tree S is clear from the context.
The following two lemmas explore the relationship between ranks of group
trees and coset trees.
Lemma 3.1. Let S ⊆ TH be a coset tree. Then ht(S) < ht(Γ(S)) + ω.
Proof. The proof is implicit in [17], in the proof of Lemma 6 (ii)⇒(iii). 
Lemma 3.2. Let S ⊆ TG be a group tree with ht(S) > ω. Then there
exists a sequence (σm) of elements of TG such that (σm+1 ↾m)σm ∈ S for all
m ∈ N+ and so that
⋃
m σm(S ∩H
m) is a wellfounded coset tree with height
< ω · 2.
Proof. This is essentially Lemma 5 of [17] except that here we require the
elements to be selected from the tree TG. To prove this lemma just repeat
the proof of [17] Lemma 5 and note that all elements constructed in that
proof can be taken from TG. 
The following proposition characterizes tameness of G in terms of ranks
of group trees and coset trees.
Proposition 3.3. The following are equivalent:
(0) G is tame.
(1) There is α < ω1 such that for any wellfounded coset tree S ⊆ TG,
we have ht(S) ≤ α.
(2) There is α < ω1 such that for any coset tree S ⊆ TG, we have
ht(S) ≤ α.
(3) There is α < ω1 such that for any group tree S ⊆ TG, we have
ht(S) ≤ α.
Proof. The proof of (0)⇔(1) is essentially the same as the proof of Lemma
2 of [17]. For (0)⇒(1) it suffices to consider the action of G on the space T
of all trees S ⊆ TG. Let E be the G-orbit equivalence relation on T . For
any trees S, S′ ⊆ TG, consider
Φ(S, S′) = {σ ∈ TH : ∀0 < m ≤ lh(σ) (σ ↾m)(S ∩H
m) = S′ ∩Hm}.
Then Φ(S, S′) ⊆ TG is a coset tree. Φ(S, S
′) is illfounded if and only if S
and S′ are in the same G-orbit, i.e., (S, S′) ∈ E. In general, ht(Φ(S, S′))
is a Π11 norm on the (T × T ) \ E. If G is tame then E is Borel, and by
boundedness we get an α < ω1 such that ht(Φ(S, S
′)) ≤ α whenever Φ(S, S′)
is wellfounded. Finally note that for any coset tree S, Φ(Γ(S), S) = S. Thus
if S ⊆ TG is a wellfounded coset tree, then ht(S) ≤ α.
For (1)⇒(0) we use a theorem of Becker and Kechris (c.f. [4] Theorem
3.3.4) which states that the G-orbit equivalence relation on T ω is a universal
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G-orbit equivalence relation. Let F be the G-orbit equivalence relation on
T ω. For two sequences of trees (Sn), (S
′
n) ∈ T
ω, let
Ψ((Sn), (S
′
n)) =
⋂
n
Φ(Sn, S
′
n).
Then Ψ((Sn), (S
′
n)) ⊆ TG is a coset tree. Ψ((Sn), (S
′
n)) is illfounded if and
only if ((Sn), (S
′
n)) ∈ F . For any α < ω1, the set
{S ∈ T : S is a wellfounded and ht(S) ≤ α}
is Borel. Thus if there is an α < ω1 such that ht(S) ≤ α for all wellfounded
coset trees S, then F is Borel, and therefore G is tame.
The proof of the equivalence of (1)–(3) is essentially the same as the proof
of Lemma 6 of [17]. (2)⇒(1) is trivial. For (3)⇒(2), use Lemma 3.1 above
and note that if S ⊆ TG then Γ(S) ⊆ TG. For (2)⇒(3) we argue as in the
proof of [17] Lemma 6 (iii)⇒(ii). When Lemma 5 of [17] is applied in that
proof replace it by Lemma 3.2. The resulting wellfounded coset tree is now
a subtree of TG. 
4. Characterizing tameness
Most groups in this section are assumed to be abelian. We will use the
additive notation for such groups. The identity element will be denoted 0
(with subscripts when necessary).
We will make use of the concept of p-compactness defined by Solecki in
[17]. Let p be a prime. A group Γ is called p-compact if for any decreasing
sequence of groups (Gn) such that for each n ∈ ω, Gn ≤ Z(p) × Γ with
π[Gn] = Z(p), where π : Z(p) × Γ → Z(p) is the projection map, we have
π[
⋂
nGn] = Z(p).
The concept of p-compactness makes sense for arbitrary groups, but little
is known about it for nonabelian groups. Solecki gave several equivalent
formulations of the concept in the abelian case, as follows.
Proposition 4.1 (Solecki [17]). Let p be a prime. Let Γ be a countable
abelian group. Then the following are equivalent:
(i) Γ is p-compact.
(ii) Γ is torsion, and the p-component of Γ satisfies the minimal condi-
tion, i.e., there is no infinite strictly decreasing sequence of subgroups
of Γ.
(iii) Γ is torsion, and the p-component of Γ is of the form F ⊕ Z(p∞)k,
where F is a finite p-group and k ∈ ω.
(iv) Γ is torsion, and for any finite p-group F ≤ Γ the p-rank of Γ/F is
finite.
(v) Γ is torsion, and Γ does not involve Z(p)<ω.
The main result of [17] is the following theorem.
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Theorem 4.2 (Solecki [17]). Let (Hn) be a sequence of countable discrete
abelian groups. Then
∏
nHn is tame if and only if for each prime p, for all
but finitely many n, Hn is p-compact.
It follows from this theorem that Zω and (Z(p)<ω)ω for any prime p are
examples of non-tame groups.
In our study here we first offer two additional formulations of p-compactness
for countable abelian groups. For any prime p and abelian group Γ, let Γp
denote the p-component of Γ, i.e.,
Γp = {g ∈ Γ : ∃k ∈ ω p
kg = 0};
also denote
Γ[p] = {g ∈ Γ : pg = 0}.
The nonzero elements of Γ[p] are exactly the group elements of order p.
Lemma 4.3. Let p be a prime. Let Γ be a countable abelian group. Then
the following are also equivalent to the p-compactness of Γ:
(vi) Γ is torsion, and Γ[p] is finite.
(vii) Γ does not have a subgroup isomorphic to either Z or Z(p)<ω.
Proof. Note that Γ[p] is a vector space over Z(p). When its dimension is
finite, Γ[p] is finite. When its dimension is (countably) infinite, Γ[p] is iso-
morphic to Z(p)<ω. From these observations it follows easily that (vi)⇔(vii).
It is clear that (vii) follows from Proposition 4.1 (v).
To complete the proof we show that (vi) implies Proposition 4.1 (ii).
Assume that Γ is torsion and Γ[p] is finite. By a theorem of Kulikov (c.f.
[16] 4.3.4), there exists a subgroup L ≤ Γp such that L is a direct sum
of cyclic groups and Γp/L is divisible. Since L[p] ⊆ Γ[p] is finite, we see
that L itself is also finite. Now a divisible p-group is a direct sum of p-
quasicyclic groups (c.f. [16] 4.1.5), and therefore either Γp/L ∼= Z(p
∞)n for
some n ∈ ω or Hp/L ∼= Z(p
∞)<ω. If Γp/L ∼= Z(p
∞)<ω, then (Γp/L)[p] is
infinite, thus A = {g ∈ Γp : pg ∈ L} is also infinite. But note that g 7→ pg
is a homomorphism from A into L with kernel Γ[p], we have that A/Γ[p]
is isomorphic to a subgroup of L. Since Γ[p] and L are finite while A is
infinite, this is a contradiction. Therefore, Γp/L ∼= Z(p
∞)n for some n ∈ ω.
In particular, both Γp/L and L satisfy the minimal condition. Since groups
satisfying the minimal condition are closed under group extensions (c.f. [16]
3.1.7), we conclude that Γp satisfies the minimal condition. 
We will also use the following simple corollary for countable abelian p-
compact groups.
Lemma 4.4. Let p be a prime. Let Γ be a countable abelian group and
L ≤ Γ. Then Γ is p-compact if and only if both L and Γ/L are p-compact.
Proof. For (⇒) assume that Γ is p-compact. It is trivial from the definition
of p-compactness that L is p-compact. Define homomorphism φ : Z(p)×Γ→
Z(p)×Γ/L as φ(a, g) = (a, g+L). If (Gn) is a decreasing sequences of groups
NON-ARCHIMEDEAN ABELIAN POLISH GROUPS AND THEIR ACTIONS 11
witnessing that Γ/L is not p-compact, then (φ−1(Gn)) witnesses that Γ is
not p-compact.
For (⇐) assume that both L and Γ/L are p-compact. Using Proposi-
tion 4.1 (ii) it suffices to show that Γ is torsion and Γp satisfies the minimal
condition. Again using Proposition 4.1 (ii) we assume that both L and Γ/L
are torsion, and that both Lp and (Γ/L)p satisfy the minimal condition. It
is easy to see that Lp = Γp∩L and Γp/Lp ⊆ (Γ/L)p. Since groups satisfying
the minimal condition are closed under subgroups and group extensions (c.f.
[16] 3.1.7), we get that Γp satisfies the minimal condition. It is easy to verify
that torsion groups are also closed under subgroups and group extensions,
and thus Γ is also torsion. 
We remark that the backward direction of Lemma 4.4 fails without the
abelian assumption. A counterexample, which is solvable of rank 2, was
constructed by Hjorth in [8].
We are now ready to prove Theorem 1.1. For the rest of the section let
(Hn) be a sequence of countable discrete abelian groups and G ≤
∏
nHn be
a closed subgroup. We use ~0 to denote the identity element of G. We will
use all notation developed in Section 3 regarding group trees. In addition,
we will also use the following notation. Let G〈0〉 = G, and for m ∈ N+, let
G〈m〉 = {x ∈ G : ∀k < m πk(x) = 0}.
Then each G〈m〉 is an open subgroup of G, and (G〈m〉) is a nbhd base of ~0
in G. Note that for any n ∈ ω, G〈n〉/G〈n+1〉 ∼= πn[G〈n〉] ≤ Hn.
Lemma 4.5. Let p be a prime and m ∈ N+. Let S ⊆ TG be a group tree
and σ ∈ S ∩Hm with a power of p as its order. If ω ≤ r(σ) < ω1 and r(σ)
is a limit ordinal, then G〈m〉/G〈m+1〉 is not p-compact.
Proof. We will continue to use πm to denote the projection from Hm+1 to
Hm. Let (βi) be a strictly increasing sequence of ordinals with limit r(σ).
For each i ∈ ω, let
Ki = {τ ∈ S ∩H
m+1 : r(τ) ≥ βi}.
Then (Ki) is a decreasing sequence of subgroups of H
m+1, and
σ ∈
(⋂
i
πm[Ki]
)
\ πm
[⋂
i
Ki
]
.
Let C = 〈σ〉 ≤ Hm. Then C ∼= Z(pk) for some k ∈ ω. Let
Γ = πm[(π
m)−1(C) ∩ S] ≤ Hm
and for each i ∈ ω,
K ′i = Ki ∩ (C × Γ).
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Let φ : C → Z(p) be a surjective homomorphism. Let Φ = φ× id : C ×Γ→
Z(p)× Γ. Since Φ is finite-to-one, we have
Φ
[⋂
i
K ′i
]
=
⋂
i
Φ[K ′i].
Let π : Z(p)× Γ→ Z(p) be the projection map. We have π ◦Φ = φ ◦ πm on
C × Γ. Since σ /∈ πm [
⋂
iKi], we have
πm
[⋂
i
K ′i
]
= πm
[⋂
i
Ki ∩ (C × Γ)
]
⊆ πm
[⋂
i
Ki
]
∩ C ≤ 〈pσ〉.
Thus
π
[⋂
i
Φ[K ′i]
]
= π
[
Φ
[⋂
i
K ′i
]]
= φ
[
πm
[⋂
i
K ′i
]]
= {0}.
On the other hand, for each i ∈ ω, we have σ ∈ π[K ′i], so π[Φ[K
′
i]] =
φ[πm[K ′i]] = Z(p). Thus the decreasing sequence of groups (Φ[K
′
i]) witnesses
that Γ is not p-compact.
Now let L = πm[ker(π
m) ∩ S]. Note that L ≤ Γ with
card(Γ/L) ≤ card(((πm)−1(C) ∩ S)/(ker(πm) ∩ S)) ≤ card(C) = pk.
Thus Γ/L is finite, and in particular p-compact. Since Γ is not p-compact,
it follows from Lemma 4.4 that L is also not p-compact.
In the end, note that L ≤ πm(G〈m〉) ∼= G〈m〉/G〈m+1〉 and so G〈m〉/G〈m+1〉
is not p-compact. 
Lemma 4.6. Suppose for any α < ω1 there exists a group tree S ⊆ TG with
ht(S) > α. Then for some prime p there exist infinitely many n ∈ ω such
that G〈n〉/G〈n+1〉 is not p-compact.
Proof. This lemma is similar to Lemma 8 of [17] with the proof being the
same, except Lemma 4.5 is needed to replace a similar claim in that proof.

Note that Lemma 8 of [17] holds for countable products of countable
groups without the abelian assumption. Here we need the abelian assump-
tion since Lemma 4.4 is used.
Lemma 4.7. Let p be any prime. Let (Gn) be any decreasing sequence of
open subgroups of G such that (Gn) is a nbhd base of ~0. Then there are
infinitely many n ∈ ω such that G〈n〉/G〈n+1〉 is not p-compact if and only if
there are infinitely many n ∈ ω such that Gn/Gn+1 is not p-compact.
Proof. Suppose there are infinitely many k ∈ ω such that Gk/Gk+1 is not p-
compact. Fix any n ∈ ω. There exist k ∈ ω and N > n such that Gk/Gk+1
is not p-compact and G〈N〉 ≤ Gk+1 ≤ Gk ≤ G〈n〉. Since Gk/Gk+1 is not
p-compact, neither is G〈n〉/G〈N〉 by Lemma 4.4. By repetitive applications
of Lemma 4.4 again, we get that there is n ≤ m < N such that G〈m〉/G〈m+1〉
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is not p-compact. This shows that there are infinitely many m ∈ ω such that
G〈m〉/G〈m+1〉 is not p-compact. The converse direction is symmetric. 
We have finally come to an extended version of Theorem 1.1.
Theorem 4.8. Let G be a non-archimedean abelian Polish group. The
following are equivalent:
(0) G is tame.
(1) There is a decreasing sequence of open subgroups (Gk) which is a
nbhd base of the identity element of G such that
(a) for all but finitely many k, Gk/Gk+1 is torsion, and
(b) for any prime p and for all but finitely many k, Gk/Gk+1 con-
tains only finitely many elements of order p.
(2) For any decreasing sequence of open subgroups (Gk) that is a nbhd
base of the identity element of G, we have that
(a) for all but finitely many k, Gk/Gk+1 is torsion, and
(b) for any prime p and for all but finitely many k, Gk/Gk+1 con-
tains only finitely many elements of order p.
(3) G does not contain a closed subgroup isomorphic to Zω, and G does
not involve (Z(p)<ω)ω for any prime p.
(4) G does not involve either Zω or (Z(p)<ω)ω for any prime p.
Proof. By Proposition 2.1, we may fix a sequence of countable abelian groups
(Hn) such that G is a closed subgroup of
∏
nHn. Consider the additional
clause:
(*) For any prime p, for all but finitely many n ∈ ω, G〈n〉/G〈n+1〉 is
p-compact.
The equivalences (*)⇔(1)⇔(2) follow from Lemma 4.7 and Lemma 4.3 (vi).
(*)⇒(0) follows from Lemma 4.6 and Proposition 3.3 (3).
(0)⇒(4) because Zω and (Z(p)<ω)ω are not tame for any prime p, and
because of the general fact that if G involves H and G is tame, then so is
H.
(4)⇒(3) is obvious.
It remains to prove (3)⇒(*).
We assume there is a strictly increasing sequence (nk) of natural numbers
such that G〈nk〉/G〈nk+1〉 is not p-compact for each k ∈ ω. By Lemma 4.3
(vi), either G〈nk〉/G〈nk+1〉 is not torsion or (G〈nk〉/G〈nk+1〉)[p] is infinite. We
consider two cases.
Case 1. There are infinitely many k ∈ ω such that G〈nk〉/G〈nk+1〉 is not
torsion. Without loss of generality, we can assume that this holds for every
k ∈ ω. Note that nk > k for all k ∈ ω. For each k, choose xk ∈ G〈nk〉 such
that xk+G〈nk+1〉 has infinite order in G〈nk〉/G〈nk+1〉. Note that π
nk(xk) = 0
and πnk(mxk) = mπnk(xk) 6= 0 for all m 6= 0. Let K be the closure of
〈x0, x1, · · · 〉 in G. Then K is a closed subgroup of G. Let TK be the group
tree with [TK ] = K. We will complete the proof in this case with showing
that K ∼= Zω.
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Define φ : Zω → K as
φ(f) =
∑
k
f(k)xk
for each f ∈ Zω. We first verify that φ(f) is a well-defined element of∏
nHn. For this, note that for any n ∈ ω, letting l ∈ N+ be the least such
that nl > n, we have
πn(φ(f)) =
∑
k
f(k)πn(xk) =
∑
k<l
f(k)πn(xk) ∈ Hn.
So φ(f) ∈
∏
nHn. We now verify that indeed φ(f) ∈ K. For this, note
similarly that for any m ∈ N+, letting l ∈ N+ be the least such that nl ≥ m,
we have
πm(φ(f)) =
∑
k<l
f(k)πm(xk) = π
m
(∑
k<l
f(k)xk
)
∈ TK ∩H
m.
So φ(f) ∈ [TK ] = K.
It is clear that φ is a homomorphism. We verify that φ is injective. For
any f 6= 0, let i ∈ ω be the least such that f(i) 6= 0. Then πni(φ(f)) =
f(i)πni(xi) 6= 0, and so φ(f) 6= 0.
Next we verify that φ is surjective. For this let y ∈ K and let (fj) be a
sequence of elements in Zω with limj φ(fj) = y. We can find an increasing
sequence (jl)l>0 such that for all j ≥ jl, π
nl(φ(fj)) = π
nl(y). Thus for all
j ≥ jl and n < nl,
πn(y) = πn(φ(fj)) =
∑
k<l
fj(k)πn(xk).
By induction on k ∈ ω we prove that fj(k) = fj′(k) for all j, j
′ ≥ jk+1.
For k = 0 set l = 1 and consider πn0(y). For all j, j
′ ≥ j1, fj(0)πn0(x0) =
πn0(y) = fj′(0)πn0(x0). Since πn0(x0) 6= 0, we get fj(0) = fj′(0). In the
inductive step, assume k > 0 and for all k′ < k and j, j′ ≥ jk, fj(k
′) =
fj′(k
′). Set l = k + 1 and consider πnk(y). Suppose j, j
′ ≥ jk+1. Since
jk+1 ≥ jk, we have fj(k
′) = fj′(k
′) for all k′ < k. Now πnk(y) equals both∑
k′<k
fj(k
′)πnk(xk′) + fj(k)πnk(xk) =
∑
k′<k
fj′(k
′)πnk(xk′) + fj′(k)πnk(xk).
It follows that fj(k)πnk(xk) = fj′(k)πnk(xk). Since πnk(xk) 6= 0, we get
fj(k) = fj′(k). This finishes the induction. Define f(k) = fjk+1(k) for all
k ∈ ω. It is easy to check that φ(f) = y.
Next we verify that φ is continuous. For this let (fj) tend to ~0 in Z
ω. We
can find a sequence (jl) such that for all j ≥ jl and for all k < l, we have
fj(k) = 0. Now fix m ∈ N+. Let l ∈ N+ be the least such that nl ≥ m.
Then for j ≥ jl, we have
πm(φ(fj)) = π
m
(∑
k<l
fj(k)xk
)
= 0.
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This means limj π
m(φ(fj)) = 0 for any m ∈ N+, and thus limj φ(fj) = ~0.
This shows that φ is continuous. The continuity of φ−1 can be similarly
shown.
We have thus shown that K and Zω are isomorphic as topological groups.
Case 2. There are infinitely many k ∈ ω such that (G〈nk〉/G〈nk+1〉)[p] is
infinite. Without loss of generality, we can assume that this holds for every
k ∈ ω. Since G〈nk〉/G〈nk+1〉
∼= πnk [G〈nk〉] ≤ Hnk , we know that πnk [G〈nk〉][p]
is infinite. It follows that, as a vector space over Z(p), πnk [G〈nk〉][p] has
infinite dimension. Let uk0, u
k
1 , · · · enumerate without repetition a basis of
this vector space. Then for any g ∈ πnk [G〈nk〉][p], there is a unique sequence
(ci(g)) of elements in Z(p) such that for all but finitely many i ∈ ω, ci(g) = 0,
and g =
∑
i ci(g)u
k
i . Call the finite set {i ∈ ω : ci(g) 6= 0} the support of g,
and denote it by supp (g). For any E ⊆ ω, we denote g ↾E =
∑
i∈E ci(g)u
k
i .
Then supp (g ↾E) ⊆ E.
Fix a sequence of natural numbers (kl) such that kl ≤ l for all l ∈ ω, and
each natural number appears in it infinitely many times. For each l ∈ ω,
denote ml = nkl . We will inductively find a sequence (xl) in G such that for
each l ∈ ω:
(a) xl ∈ G〈ml〉,
(b) 0 6= πml(xl) ∈ πml [G〈ml〉][p], and
(c) supp (πnk(xl)) ∩ supp (πnk(xl′)) = ∅ for k ≤ l and l
′ < l.
For l = 0, we have k0 = 0 and m0 = n0. Choose any x0 ∈ G〈n0〉
with 0 6= πn0(x0) ∈ πn0 [G〈n0〉][p]. For the inductive step, assume l > 0
and suppose that x0, · · · , xl−1 ∈ G have been chosen. For each k ≤ l, let
Ek =
⋃
l′<l supp (πnk(xl′)). Note that each Ek is finite, while πnk [G〈nk〉][p]
is infinite. By the pigeonhole principle, we can find y, y′ ∈ G〈ml〉 such that
πml(y), πml(y
′) ∈ πml [G〈ml〉][p] with πml(y) 6= πml(y
′), but πnk(y) ↾ Ek =
πnk(y
′)↾Ek for each k ≤ l. Define xl = y − y
′. It is routine to check that xl
satisfies clauses (a)–(c). This finishes the inductive construction.
For each k ∈ ω, define Kk = 〈{πnk(xl) : kl = k}〉. For l
′ < l, if k = kl′ =
kl, we have k = kl ≤ l, and supp (πnk(xl)) ∩ supp (πnk(xl′)) = ∅ by (c). So
Kk =
⊕
{l:kl=k}
〈πnk(xl)〉
∼=
⊕
ω Z(p) = Z(p)
<ω.
For each k ∈ ω, define Fk =
⋃
g∈Kk
supp (g). It follows from (c) that for
any distinct l, l′ with kl = k, we always have supp (πnk(xl))∩supp (πnk(xl′)) =
∅. In particular, if kl′ 6= k, then πnk(xl′)↾Fk = 0.
We now define two closed subgroups of G:
A = {x ∈ G : ∀k πnk(x)↾Fk ∈ Kk)},
A0 = {x ∈ G : ∀k πnk(x)↾Fk = 0)}.
We will complete the proof in this case with showing
A/A0 ∼=
∏
k
Kk ∼= (Z(p)
<ω)ω.
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Define ψ : A→
∏
kKk as
ψ(x)(k) = πnk(x)↾Fk
for x ∈ A and k ∈ ω. It easy to see that ψ is a continuous homomorphism
with ker(ψ) = A0. Here we only verify that ψ is surjective. For this let
y ∈
∏
kKk. For any k ∈ ω, we can write
y(k) =
∑
l∈Ik
ckl πnk(xl)
where Ik is a finite set of l with kl = k and each c
k
l ∈ Z(p). Note that∑
l∈Ik
ckl xl ∈ G〈nk〉, so
∑
k
∑
l∈Ik
ckl xl converges to an element x ∈ G. For
any k ∈ ω,
πnk(x)↾Fk =
∑
l∈Ik
ckl πnk(xl) = y(k) ∈ Kk.
It follows that x ∈ A and ψ(x) = y. 
The following is a corollary of the proof of Theorem 4.8.
Theorem 4.9. Let G be a non-archimedean abelian Polish group and (Gn)
be any decreasing sequence of open subgroups that is a nbhd base of the
identity element of G. Then the following are equivalent:
(i) G involves Zω.
(ii) G has a closed subgroup isomorphic to Zω.
(iii) For infinitely many n, Gn/Gn+1 is not torsion.
Proof. The implication (ii)⇒(i) is obvious. The implication (iii)⇒(ii) follows
from the proof of Lemma 4.7 and the construction in Case 1 of the proof of
Theorem 4.8. It remains to prove (i)⇒(iii). Without loss of generality, we
may assume that there is a continuous homomorphism φ from G onto Zω.
Note that φ is also a quotient map from G onto Zω as topological spaces.
It follows that, for each n ∈ ω, φ[Gn] is open in Z
ω, since φ−1(φ[Gn]) =
Gn ker(φ) is open in G. For each n ∈ ω, let Zn = (Z
ω)〈n〉. Then (Zn) is a
decreasing sequence of open subgroups of Zω that is also a nbhd base of the
identity element of Zω. Thus, for each n ∈ ω, there exist k ∈ ω and N > n
such that φ[GN ] ≤ Zk+1 ≤ Zk ≤ φ[Gn]. Since Zk/Zk+1 is not torsion, it
follows that there is n ≤ m < N such that φ[Gm]/φ[Gm+1] is not torsion.
But φ[Gm]/φ[Gm+1] is a homomorphic image of Gm/Gm+1, and therefore
Gm/Gm+1 is not torsion. 
Recently Malicki [14] also studied tame non-archimedean abelian Polish
groups. Among other things, his main results gave a characterization of
tameness in the quasi-reduced case which is derivable from our Theorem 4.8.
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5. Orbit equivalence relations of tame groups
In this section we study the orbit equivalence relations induced by actions
of tame non-archimedean abelian Polish groups. We will first give some
upper bounds on the height of the group trees and coset trees of such groups,
and then obtain upper bounds on the descriptive complexity of the orbit
equivalence relations.
We will concentrate on a special representation of tame non-archimedean
abelian Polish groups as closed subgroups of product groups.
Lemma 5.1. Let G be a tame non-archimedean abelian Polish group. Then
there is a sequence (Hn) of countable discrete abelian groups such that G is
isomorphic to a closed subgroup of
∏
nHn, and, as such, G satisfies that for
all n ∈ N+, G〈n〉/G〈n+1〉 is torsion.
Proof. By Proposition 2.1, there is a sequence (Γn) of countable discrete
abelian groups such that G ≤
∏
n Γn is a closed subgroup. Since G is tame,
by Theorem 4.8 we have that for all but finitely many n ∈ ω, G〈n〉/G〈n+1〉
is torsion. Note that G〈n〉 here is defined as a subgroup of
∏
n Γn.
Let m ∈ ω be the largest n such that G〈n〉/G〈n+1〉 is not torsion, if such n
exists; and let m = 0 otherwise. Define H0 = Γ0× · · · ×Γm and for n ∈ N+,
define Hn = Γm+n. Then
∏
n Γn and
∏
nHn are isomorphic topological
groups, and G is still isomorphic to a closed subgroup of
∏
nHn.
As a closed subgroup of
∏
nHn, G satisfies that G〈n〉/G〈n+1〉 is torsion
for all n ∈ N+. 
We will need the following simple property guaranteed by this kind of
representation.
Lemma 5.2. Let (Hn) be a sequence of countable discrete abelian groups and
G ≤
∏
nHn be a closed subgroup satisfying that for all n ∈ N+, G〈n〉/G〈n+1〉
is torsion. Let S ⊆ TG be any group tree and σ ∈ S with finite order. Then
any extension τ ⊇ σ in S also has finite order.
Proof. Toward a contradiction, assume that τ ⊇ σ has infinite order and
has minimal length among such extensions. Without loss of generality, we
may assume lh(τ) = lh(σ) + 1. Suppose lh(σ) = m ∈ N+ and a ∈ N+ is
the order of σ. Since S is a group tree, we have kτ ⊇ kσ for all k ∈ Z. In
particular, aτ ⊇ aσ = 0 ∈ S ∩Hm ⊆ TG ∩H
m. Note that aτ ∈ TG ∩H
m+1
still has infinite order. Let x ∈ G = [TG] be any element with x ⊇ aτ . Then
x ∈ G〈m〉, x has infinite order, and for any nonzero k ∈ Z, kx 6∈ G〈m+1〉. This
implies that G〈m〉/G〈m+1〉 is not torsion, contrary to our assumption. 
In our proofs below we will make use of the following facts proved in [17].
Lemma 5.3 (Solecki [17]). Let S be any group tree and σ ∈ S with finite
order and r(σ) = α < ω1. Then there is a prime p and τ ∈ S such that the
order of τ is a power of p and α ≤ r(τ) < ω1.
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Proof. The proof is identical to the penultimate paragraph in the proof of
Lemma 8 in [17]. 
Lemma 5.4 (Solecki [17]). Let p be a prime. Let S be a group tree. Let
σ ∈ S satisfy that r(σ) < ω1, the order of σ is a power of p, and any
extension τ ⊇ σ in S also has finite order. Then for any α < r(σ) there is
τ ⊇ σ such that r(τ) = α and the order of τ is also a power of p.
Proof. The proof is identical to the second paragraph in the proof of Lemma
8 in [17]. 
Theorem 5.5. Let (Hn) be a sequence of countable discrete abelian groups
and let G ≤
∏
nHn be a tame closed subgroup such that for all n ∈ N+,
G〈n〉/G〈n+1〉 is torsion. Then for any group tree S ⊆ TG, ht(S) ≤ ω · 3; for
any coset tree S ⊆ TG, ht(S) < ω · 4.
Proof. Toward a contradiction, assume S ⊆ TG is a group tree with ht(S) >
ω · 3. Let σ ∈ S be such that r(σ) = ω · 3. We consider two cases.
Case 1. The order of σ is finite. In particular we have an element of S
whose order is finite and whose rank is ≥ ω · 2. This will turn out to be
sufficent to derive a contradiction. By Lemma 5.2 any extension in S of an
element of finite order in S also has finite order. By Lemmas 5.3 and 5.4
there exist a prime p and τ ∈ S such that the order of τ is a power of p
and r(τ) = ω · 2. We claim that there are infinitely many m ∈ ω such that
there exists σm ∈ S ∩H
m so that r(σm) = ω and the order of σm is a power
of p. Granting the claim, by Lemma 4.5 G〈m〉/G〈m+1〉 is not p-compact for
infinitely many m, which by Theorem 4.8 contradicts our assumption that
G is tame.
To prove the claim, fix an arbitrary n ∈ ω. Apply Lemma 5.4 to find
τ0 ⊇ τ in S so that r(τ0) = ω + n and the order of τ0 is a power of p.
Repeatedly applying Lemma 5.4 again, we can inductively define a sequence
τ0 ⊆ τ1 ⊆ · · · ⊆ τn such that for each i ≤ n, r(τi) = ω + n− i and the order
of τi is a power of p. Then lh(τn) > n, r(τn) = ω, and the order of τn is a
power of p, as required.
Case 2. The order of σ is infinite. Consider
Sσ = {τ ∈ S : either τ ⊆ σ or σ ⊆ τ}.
Then Sσ ⊆ S ⊆ TG is a coset tree. Moreover, rSσ(σ) = rS(σ) = ω · 3,
hence ht(Sσ) > ω · 3. Now Γ(Sσ) is a group tree, Γ(Sσ) ⊆ S ⊆ TG, and
by Lemma 3.1, ht(Γ(Sσ)) ≥ ω · 3. Note that 0 = −σ + σ ∈ Γ(Sσ) is an
element of order 1. By Lemma 5.2 every element of Γ(Sσ) has finite order.
In particular there is an element of Γ(Sσ) whose order is finite and whose
rank is ω · 2. We are now in the same situation as in Case 1, which led to a
contradiction.
The second part of the theorem, which concerns the height of a coset tree,
follows from Lemma 3.1. 
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Corollary 5.6. Let (Hn) be a sequence of countable discrete abelian groups
and G ≤
∏
nHn a tame closed subgroup. Then for any group tree or coset
tree S ⊆ TG, ht(S) < ω · 4.
Proof. Combining a rearrangement in the proof of Lemma 5.1 and Theo-
rem 5.5, we get that any group tree S ⊆ TG has height < ω · 4. The bound
for coset trees follows from Lemma 3.1. 
Corollary 5.7. Let (Hn) be a sequence of countable discrete abelian groups
and G ≤
∏
nHn a tame closed subgroup. Suppose for all n ∈ ω, G〈n〉/G〈n+1〉
is torsion. Then for any group tree S ⊆ TG, ht(S) ≤ ω ·2; for any coset tree
S ⊆ TG, ht(S) < ω · 3.
Proof. Our assumption implies that every element of S has finite order. Case
1 of the proof of Theorem 5.5 can be applied to get this corollary. 
For many examples of tame groups, the rank of their group trees and
coset trees can be even lower.
Theorem 5.8. Let (Hn) be a sequence of countable discrete abelian groups
and G ≤
∏
nHn be a closed subgroup. Suppose for all prime p and for
all n ∈ ω, G〈n〉/G〈n+1〉 is p-compact. Then for any group tree S ⊆ TG,
ht(S) ≤ ω; for any coset tree S ⊆ TG, ht(S) < ω · 2.
Proof. Toward a contradiction assume S ⊆ TG is a group tree with ht(S) >
ω. Our assumption implies that every element of S has finite order. By
Lemmas 5.3 and 5.4 there is a prime p and σ ∈ S such that r(σ) = ω and
the order of σ is a power of p. This contradicts Lemma 4.5 since it implies
that G〈n〉/G〈n+1〉 is not p-compact for n = lh(σ). The second part of the
theorem follows from Lemma 3.1. 
Examples to which the above theorem applies include Z(p∞)ω for any
prime p and
∏
p∈P Z(p
∞).
We are now ready to move on to classifying orbit equivalence relations of
tame groups. For our general discussion we fix a sequence (Hn) of countable
discrete abelian groups and G ≤
∏
nHn a tame closed group. Let T be the
space of all trees S ⊆ TG. From a theorem of Becker and Kechris (c.f. [4]
Theorem 3.3.4) the G-orbit equivalence relation on T ω is a universal G-orbit
equivalence relation.
We first consider the action of G on T . Let EG denote this orbit equiva-
lence relation.
For each m ∈ N+, TG ∩ H
m is a countable discrete abelian group. We
use T ∩Hm to denote the collection of all S ∩Hm for S ∈ T . Consider the
action of TG ∩H
m on
Pm = (T ∩H
1)× · · · × (T ∩Hm)
defined as
σ · (S1 ∩H
1, . . . , Sm ∩H
m) = (σ ↾1 + (S1 ∩H
1), . . . , σ ↾m+ (Sm ∩H
m))
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where in fact σ ↾m = σ. By a theorem of Gao and Jackson [6], the orbit
equivalence relation of any countable abelian group is hyperfinite. Thus we
can fix a Borel map
ηm : Pm → 2
ω
such that for any S1, . . . , Sm, S
′
1, . . . , S
′
m ∈ T , (S1 ∩H
1, . . . , Sm ∩H
m) and
(S′1 ∩H
1, . . . , S′m ∩H
m) are orbit equivalent if and only if
ηm(S1 ∩H
1, . . . , Sm ∩H
m)E0ηm(S
′
1 ∩H
1, . . . , S′m ∩H
m).
Define ϕm : T ∩H
m → 2ω as
ϕm(S ∩H
m) = ηm(S ∩H
1, . . . , S ∩Hm)
for S ∈ T . Let ϕ : T → (2ω)ω be defined as
ϕ(S) = (ϕ1(S ∩H
1), . . . , ϕm(S ∩H
m), . . . ).
For any S, S′ ∈ T , let
Φ(S, S′) = {σ ∈ TG : ∀0 < m ≤ lh(σ) (σ ↾m) + (S ∩H
m) = S′ ∩Hm}.
Each Φ(S, S′) is a coset tree. If S ⊆ T , we denote by Φ(S) the collection of
all Φ(S, S′) for S, S′ ∈ S.
Lemma 5.9. Let S ⊆ T . Suppose for any coset tree T ∈ Φ(S), ht(T ) < ω.
Then for any S, S′ ∈ S, SEGS
′ if and only if ϕ(S)Eω0 ϕ(S
′).
Proof. Let S, S′ ∈ S. First suppose SEGS
′, i.e., there is x ∈ G such that
x + S = S′. Then for each m ∈ N+, (x ↾m) + (S ∩ H
m) = S′ ∩ Hm. For
each m ∈ N+, by the definition of ϕm, we have ϕm(S∩H
m)E0ϕm(S
′∩Hm).
Hence ϕ(S)Eω0 ϕ(S
′).
Conversely, suppose ϕ(S)Eω0 ϕ(S
′). Then for each m ∈ N+, there exists
σm ∈ TG ∩H
m such that for any 0 < i ≤ m, σm ↾ i+ (S ∩H
i) = S′ ∩H i. In
other words, σm ∈ Φ(S, S
′). We claim that Φ(S, S′) is illfounded. Granting
the claim, since Φ(S, S′) ⊆ TG, we get x ∈ [TG] = G with x+ S = S
′, hence
SEGS
′.
To show the claim, assume Φ(S, S′) is wellfounded. By our assumption
ht(Φ(S, S′)) < ω, and thus there is N ∈ ω such that lh(σ) ≤ N for every
σ ∈ Φ(S, S′). This contradicts the existence of σm ∈ Φ(S, S
′) form > N . 
Next we consider the action of G on T ω. We denote this orbit equivalence
relation by E˜G. For each m ∈ N+ consider the diagonal action of TG∩H
m on
(Pm)
ω. This is still an action of a countable discrete abelian group, and so
the orbit equivalence relation is hyperfinite. Let η˜m : (Pm)
ω → 2ω be a Borel
reduction of the orbit equivalence relation to E0. Define ϕ˜m : (T ∩H
m)ω →
2ω and ϕ˜ : T ω → (2ω)ω = 2ω×ω similarly as before:
ϕ˜m((Sn ∩H
m)) = η˜m((Sn ∩H
1, . . . , Sn ∩H
m))
and
ϕ˜((Sn)) = (ϕ˜m((Sn ∩H
m)n∈ω))m∈N+ .
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For (Sn), (S
′
n) ∈ T
ω, let
Ψ((Sn), (S
′
n)) =
⋂
n
Φ(Sn, S
′
n).
Then Ψ((Sn), (S
′
n)) is still a coset tree. If S ⊆ T
ω, we let Ψ(S) denote the
collection of all Ψ((Sn), (S
′
n)) for (Sn), (S
′
n) ∈ S.
Lemma 5.10. Let S ⊆ T ω. Suppose for any coset tree T ∈ Ψ(S), ht(T ) <
ω. Then for any (Sn), (S
′
n) ∈ S, (Sn)E˜G(S
′
n) if and only if ϕ˜((Sn))E
ω
0 ϕ˜((S
′
n)).
Proof. The proof is identical to the proof of Lemma 5.9. Note that the (⇒)
direction does not require the assumption on the height of coset trees. 
We need to use the equivalence relation (Eω0 )
+ when the coset trees may
have infinite rank. For any tree S ∈ T and σ ∈ S, define
Sσ = {τ ∈ S : either τ ⊆ σ or σ ⊆ τ}.
For each m ∈ N+, we fix once and for all a linear ordering <m of all elements
of TG ∩H
m so that the order type of <m is ω, and for convenience use the
convention that 0 ∈ Hm is the <m-least. The linear ordering <m gives rise
to an enumeration function γm : ω → TG ∩ H
m so that γm(0) = 0 ∈ H
m
and for all i, j ∈ ω, i < j if and only if γm(i) <m γm(j).
For each m ∈ N+, we define a map ψˆm : T → (2
ω×ω)ω as follows. Given
S ∈ T and i ∈ ω, define
ψˆm(S)(i) = ϕ˜((Sσn))
where σ0, σ1, . . . , σn . . . is an enumeration of all elements of S ∩ H
m such
that
γm(i) + σ0 <m γm(i) + σ1 <m · · · <m γm(i) + σn <m . . . .
It is perhaps worthwhile to explain the the definition in slightly plainer
language. When m = 1 and i = 0, ψˆ1(S)(0) is the result of the following
procedure. First enumerate all elements of S ∩ H1 (elements of first level
in S) in the <1-increasing order, getting σ0, σ1, . . . , σn, . . . . Next split the
tree S into infinitely many (disjoint) subtrees Sσ0 , Sσ1 , . . . , Sσn , . . . . Finally
code the orbit equivalence of the sequence of trees using the coding map
ϕ˜ defined above. This yields the invariant ψˆ1(S)(0). In general, follow a
similar three-step procedure for given m and i. First enumerate all elements
of S ∩Hm (elements on the m-th level in S) according to the <m-increasing
order of γm(i) + (S ∩H
m), getting σ0, σ1, . . . , σn, . . . . Next split the tree S
into infinitely many subtrees Sσ0 , Sσ1 , . . . , Sσn , . . . . Finally code the orbit
equivalence of the sequence of trees using the coding map ϕ˜ defined above
to yield the invariant ψˆm(S)(i).
Lemma 5.11. Let S ⊆ T . Suppose for any coset tree T ∈ Φ(S), ht(T ) <
ω · 2. Then the following are equivalent for any S, S′ ∈ S:
(i) SEGS
′.
(ii) For all m ∈ N+ there exist i, i
′ ∈ ω such that ψˆm(S)(i)E
ω
0 ψˆm(S
′)(i′).
22 LONGYUN DING AND SU GAO
(iii) For all m ∈ N+, both
(a) for any i ∈ ω there is i′ ∈ ω such that ψˆm(S)(i)E
ω
0 ψˆm(S
′)(i′)
and
(b) for any i′ ∈ ω there is i ∈ ω such that ψˆm(S)(i)E
ω
0 ψˆm(S
′)(i′).
Proof. We show (i)⇒(iii)⇒(ii)⇒(i). For (i)⇒(iii) suppose SEGS
′ and so
there is x ∈ G such that for all m ∈ N+, (x↾m)+ (S ∩H
m) = S′ ∩Hm. Fix
any m ∈ N+. By symmetry, it suffices to verify only (a). For this suppose
i ∈ ω is given. Define i′ ∈ ω to be such that
γm(i
′) = γm(i) − (x↾m).
Then
γm(i
′) + (S′ ∩Hm) = γm(i) + (S ∩H
m).
Thus the first steps of the constructions of ψˆm(S)(i) and ψˆm(S
′)(i′) end
up with an enumeration σ0, σ1, . . . , σn, . . . of elements of S ∩ H
m and an
enumeration σ′0, σ
′
1, . . . , σ
′
n, . . . of elements of S
′∩Hm with (x↾m)+σn = σ
′
n
for all n ∈ ω. It follows that x ∈ [Ψ((Sσn), (S
′
σ′n
))]. Thus by the (⇒)
direction of Lemma 5.10, we have ϕ˜((Sσn))E
ω
0 ϕ˜((S
′
σ′n
)) as required.
(iii)⇒(ii) is obvious.
For (ii)⇒(i), suppose S, S′ ∈ S and ht(Φ(S, S′)) ≤ ω +m − 1 for some
m ∈ N+. Suppose i, i
′ ∈ ω are given such that ψˆm(S)(i)E
ω
0 ψˆm(S
′)(i′).
Suppose σ0, . . . , σn, . . . enumerate S ∩ H
m according to the <m-order of
γm(i) + (S ∩H
m) and σ′0, . . . , σ
′
n, . . . enumerate S
′ ∩Hm according to the
<m-order of γm(i
′)+(S′∩Hm). We have ϕ˜((Sσn))E
ω
0 ϕ˜((S
′
σ′n
)). In particular,
ϕ˜m((Sσn ∩H
m))E0ϕ˜m((S
′
σ′n
∩Hm)).
However, for any 0 < j ≤ m, Sσn ∩H
j = {σn ↾ j} and S
′
σ′n
∩Hj = {σ′n ↾ j}.
Thus there is a unique τ ∈ TG∩H
m such that for all n ∈ ω, τ+σn = σ
′
n and
for any 0 < j ≤ m, (τ ↾j)+(Sσn ∩H
j) = S′σ′n∩H
j. Let T = Ψ((Sσn), (S
′
σ′n
)).
We have just shown that for all 0 < j ≤ m, T ∩Hj = {τ ↾j}.
We claim that T = Φ(S, S′)τ . For this we only need to verify that for
all l > m, T ∩ H l = Φ(S, S′)τ ∩ H
l. First let σ ∈ T with lh(σ) = l > m.
Then σ ⊇ τ . Since for all j ∈ ω, S ∩Hj =
⋃
n(Sσn ∩ H
j) and S′ ∩ Hj =⋃
n(S
′
σ′n
∩ Hj), we have that for all j ≤ l, (σ ↾ j) + (S ∩ Hj) = S′ ∩ Hj.
This means σ ∈ Φ(S, S′)τ . Conversely, if σ ⊇ τ and σ ∈ Φ(S, S
′), then
since τ + σn = σ
′
n for each n ∈ ω, we must have for each n ∈ ω and j ≤ l,
(σ ↾j) + (Sσn ∩H
j) = S′σ′n ∩H
j . This means that σ ∈ T .
From ϕ˜((Sσn))E
ω
0 ϕ˜((S
′
σ′n
)), we also get that for any m′ > m, T ∩Hm
′
6= ∅.
Now if T is illfounded then so is Φ(S, S′) since T ⊆ Φ(S, S′), and it follows
that SEGS
′, and we are done. Suppose T is wellfounded. Since lh(τ) = m
and ht(Φ(S, S′)) < ω + m, we conclude that r(τ) < ω and it follows that
ht(T ) = ht(Φ(S, S′)τ ) < ω. Thus there is N ∈ ω such that lh(σ) ≤ N
for every σ ∈ T . This contradicts the observation that T ∩ Hm
′
6= ∅ for
m′ > N . 
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We need to see that the equivalence relation used to reduce the orbit
equivalence relation in Lemma 5.11 (iii) is essentially (Eω0 )
+. Let F denote
this equivalence relation on X = (2ω×ω)ω×ω. Then for x, y ∈ X,
xFy ⇐⇒ ∀m [∀i∃j x(m, i)Eω0 y(m, j) and ∀j∃i x(m, i)E
ω
0 y(m, j)].
Thus F = ((Eω0 )
+)ω. It suffices to show that F ≤B (E
ω
0 )
+. For this we
show a general statement.
For equivalence relations R1 on X1 and R2 on X2, let R1 × R2 be the
equivalence relation on X1 ×X2 defined as
(x1, x2)(R1 ×R2)(y1, y2) ⇐⇒ x1R1y1 and x2R2y2.
Denote by id(ω) the identity relation on ω.
Lemma 5.12. Let E be an equivalence relation on a Polish space X. If
id(ω)× E ≤B E, then (E
+)ω ≤B E
+.
Proof. It is easy to see that if R1 ≤B R2 then R
+
1 ≤B R
+
2 (c.f. [4] Exercise
8.3.2). Thus it suffices to show (E+)ω ≤B (id(ω) × E)
+. For this we need
to define a Borel reduction f from Xω×ω to (ω × X)ω. Fix a bijection
〈·, ·〉 : ω × ω → ω. Given (xm,i) ∈ X
ω×ω and n, j ∈ ω, let
f((xm,i))(〈n, j〉) = (n, xn,j).
It is straightforward to check that f is a reduction from (E+)ω to (id(ω)×
E)+. 
To consider the action of G on T ω we use the same coding technique
before Lemma 5.10.
Fix a bijection 〈·, ·〉 : ω × ω → ω. Let (·)0 and (·)1 be the decoding
functions. That is, for any n ∈ ω, 〈(n)0, (n)1〉 = n.
For each m ∈ N+, define a map ψ˜m : T
ω → (2ω×ω)ω as follows. Let a
sequence (Sn) ∈ T
ω and i ∈ ω be given. For each n ∈ ω, enumerate the
elements of Sn ∩H
m as
σn,0, σn,1, . . . , σn,k, . . .
so that
γm(i) + σn,0 <m γm(i) + σn,1 <m · · · <m γm(i) + σn,k <m . . . .
Define a new sequence (Tn) of trees as
Tn = (S(n)0)σ(n)0,(n)1 .
Finally, define
ψ˜m((Sn)n∈ω)(i) = ϕ˜((Tn)n∈ω).
Lemma 5.13. Let S ⊆ T ω. Suppose for any coset tree T ∈ Ψ(S), ht(T ) <
ω · 2. Then the following are equivalent for any (Sn), (S
′
n) ∈ S:
(i) (Sn)E˜G(S
′
n).
(ii) For allm ∈ N+ there exist i, i
′ ∈ ω such that ψ˜m((Sn))(i)E
ω
0 ψ˜m((S
′
n))(i
′).
(iii) For all m ∈ N+, both
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(a) for any i ∈ ω there is i′ ∈ ω such that ψ˜m((Sn))(i)E
ω
0 ψ˜m((S
′
n))(i
′)
and
(b) for any i′ ∈ ω there is i ∈ ω such that ψ˜m((Sn))(i)E
ω
0 ψ˜m((S
′
n))(i
′).
Proof. The proof is identical to the proof of Lemma 5.11. The directions
(i)⇒(iii)⇒(ii) do not require the boundedness assumption on the rank of
coset trees. The boundedness assumption is only needed in the direction
(ii)⇒(i). 
Theorem 5.14. Let G be a non-archimedean abelian Polish group and (Gn)
a decreasing sequence of open subgroups of G which is a nbhd base of the
identity element of G. Suppose G0 = G and for all n ∈ ω and all prime
p, Gn/Gn+1 is torsion and contains only finitely many elements of order p.
Then any G-orbit equivalence relation is Borel reducible to (Eω0 )
+.
Proof. This follows from the proof of Lemma 4.7, Theorem 5.8, Lemma 5.13,
and Lemma 5.12. 
We will show in the next section that (Eω0 )
+ in the above theorem as
an upper bound for the orbit equivalence relation in the Borel reducibility
hierarchy is not sharp. In fact, for any non-archimedean abelian Polish group
G, no G-orbit equivalence relation can be Borel bireducible with (Eω0 )
+.
We have developed two useful techniques so far in the discussion of orbit
equivalence relations, namely, how to code sequences of trees (Lemma 5.10
and Lemma 5.13) and how to extend the coding map past a limit rank of
possible coset trees (Lemma 5.11). The first does not increase the complexity
of the equivalence relation used to reduce the orbit equivalence relation, and
the second requires a jump operation E 7→ E+. By repeatedly applying
these techniques to coset trees of higher rank, we get generalized versions
of Lemma 5.13 for the cases in which the heights of coset trees are strictly
below ω ·3 and ω ·4. These generalized versions are nothing but a notational
morass, and involve no new ideas. We obtain the following results.
Theorem 5.15. Let G be a non-archimedean abelian Polish group and (Gn)
a decreasing sequence of open subgroups of G which is a nbhd base of the
identity element of G. Suppose G0 = G and for all n ∈ ω, Gn/Gn+1 is
torsion. Then any G-orbit equivalence relation is Borel reducible to (Eω0 )
++.
Proof. This follows from the proof of Lemma 4.7, Corollary 5.7, and a gen-
eralized version of Lemma 5.13 for the case in which the heights of the coset
trees are strictly below ω · 3. 
Theorem 5.16. Let G be a tame non-archimedean abelian Polish group.
Then any G-orbit equivalence relation is Borel reducible to (Eω0 )
+++.
Proof. This follows from the proof of Lemma 4.7, Corollary 5.6, and a gen-
eralized version of Lemma 5.13 for the case in which the heights of the coset
trees are strictly below ω · 4. 
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By a theorem of Hjorth, Kechris and Louveau ([12], Theorem 2) on the
potential Borel hierarchy of Borel equivalence relations, Theorem 5.16 im-
plies that any G-orbit equivalence relation for a non-archimedean abelian
Polish group G is potentially Π06, i.e., there exists a Polish topology of the
underlying space for which the equivalence relation is Π06. This is in con-
trast with the results by Hjorth in [8], where he constructed examples of
non-archimedean Polish groups which are TSI and tame, but have orbit
equivalence relations of arbitrarily high potential Borel class.
6. Essentially countable orbit equivalence relations
In this section we consider orbit equivalence relations of non-archimedean
abelian Polish groups that are essentially countable. In the proof of the
following theorem we encounter the concept of direct sums of equivalence
relations. For completeness we give the definition here. Let (Xn) be a
sequence of Polish spaces. The direct sum space
⊕
nXn is the Polish space
whose underlying set is the disjoint union of all Xn, n ∈ ω, and whose
topology is given by
U ⊆
⊕
n
Xn is open ⇐⇒ for all n ∈ ω, U ∩Xn is open in Xn.
Now if for each n ∈ ω, En is an equivalence relation on Xn, then the direct
sum
⊕
nEn is an equivalence relation on
⊕
nXn defined as
(x, y) ∈
⊕
n
En ⇐⇒ ∃n ∈ ω (x, y) ∈ En.
It is immediate that if each En is hyperfinite, i.e., an increasing union of
finite Borel equivalence relations, then so is
⊕
nEn.
Theorem 6.1. Let G be a non-archimedean abelian Polish group. Let E be
an essentially countable Borel equivalence relation which is Borel reducible
to a G-orbit equivalence relation. Then E is essentially hyperfinite, i.e.,
E ≤B E0.
Proof. Let G be a closed subgroup of H =
∏
nHn, where each Hn is count-
able discrete abelian. By a theorem of Hjorth and Mackey (c.f., e.g., [4]
Theorem 3.5.2) the universal G-orbit equivalence relation is Borel reducible
to the universal H-orbit equivalence relation. Thus E is an essentially count-
able Borel equivalence relation which is Borel reducible to an H-orbit equiv-
alence relation.
We now use a theorem of Hjorth and Kechris from [11], Theorem 7.3, to
get a sequence of Polish spaces (Zm)m∈N+ , with a Borel action of H
m on
Zm for each m ∈ N+, such that
E ≤B
⊕
m∈N+
EZmHm .
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Since each Hm is a countable discrete abelian group, each EZmHm is hyper-
finite by the theorem of Gao and Jackson [6]. It follows that
⊕
mE
Zm
Hm is
hyperfinite. Thus E is essentially hyperfinite. 
Corollary 6.2. Let G be a locally compact non-archimedean abelian Polish
group. Then any G-orbit equivalence relation is essentially hyperfinite.
Proof. By a theorem of Kechris (c.f. [4] Theorem 7.5.2), any locally com-
pact Polish group action induces only essentially countable Borel equivalence
relations. 
Corollary 6.3. Let G be a non-archimedean abelian Polish group, F be a
Borel G-orbit equivalence relation and E ≤B F . Then exactly one of the
following holds:
(I) E is essentially hyperfinite, i.e., E ≤B E0.
(II) Eω0 ≤B E.
Proof. This follows immediately from the Seventh Dichotomy Theorem ([11]
Theorem 8.1) of Hjorth and Kechris, which is stated for TSI groups with
option (I) being E essentially countable. 
Now we can see that the upper bounds in Theorems 5.14, 5.15 and 5.16 are
not sharp. In fact, let G be a tame non-archimedean abelian Polish group.
Let E be any countable Borel equivalence relation that is not hyperfinite (c.f.
[4] Theorem 7.4.10 for an example). By the Seventh Dichotomy Theorem,
Eω0 6≤B E. It follows from Corollary 6.3 that E is not Borel reducible to
any Borel G-orbit equivalence relation. On the other hand, let id(2ω) be
the identity relation on the Polish space 2ω. Then E ≤B id(2
ω)+ (c.f. [4]
Exercise 8.3.3) and id(2ω)+ ≤B (E
ω
0 )
+ since id(2ω) ≤B E
ω
0 (c.f. [4] Theorem
5.3.5 and Exercise 8.3.2). Thus E ≤B (E
ω
0 )
+. Therefore, (Eω0 )
+ is not Borel
reducible to any G-orbit equivalence relation.
7. Universal tame product groups
Let P denote the class of all tame groups of the form
∏
nHn, where each
Hn is countable discrete abelian. In this section we prove that P has a
universal element, i.e., there exists H ∈ P such that any G ∈ P is a closed
subgroup of H.
We will use the following trivial facts tacitly.
Lemma 7.1. Let H =
∏
nHn, where each Hn is a countable discrete abelian
group. Then the following hold:
(a) If G =
∏
nGn, where each Gn is a subgroup of Hn, then G is a
closed subgroup of H.
(b) For any strictly increasing sequence (nk)k∈ω of natural numbers with
n0 = 0, if we define
Lk =
∏
nk≤i<nk+1
Hi
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for k ∈ ω, then H is isomorphic to
∏
k Lk.
(c) More generally, if F = {F0, F1, . . . , Fk, . . . } is a partition of ω into
finite subsets, letting
Lk =
∏
i∈Fk
Hi
for k ∈ ω, then H is isomorphic to
∏
k Lk.
Fix an enumeration of all primes p0, p1, . . . , pn, . . . . We now define a
universal tame product group H∞ =
∏
nHn as follows. Let
H0 = A∞ =
⊕
p∈P
Z(p∞)<ω ⊕Q<ω.
For n ∈ ω let
Hn+1 =
⊕
0≤i≤n
Z(p∞i )⊕
⊕
i>n
Z(p∞i )
<ω.
Proposition 7.2. H∞ is a universal group in P.
Proof. To see that H∞ is tame, we only need to use Theorem 4.2 and Propo-
sition 4.1, and note that for any i ∈ ω, Hn is pi-compact when n > i.
Before proving the universality of H∞, we define an isomorphic copy of
H∞. Let A0 = {0}. For each n ∈ ω, let
An+1 =
⊕
i>n
Z(p∞i )
<ω.
Then for each n ∈ ω, Hn × An is isomorphic to Hn, and therefore H∞ is
isomorphic to
∏
n(Hn×An). It suffices to show the universality of the latter
group.
Now let G ∈ P and suppose G =
∏
nGn, where each Gn is countable
discrete abelian. Since every countable p-group is a subgroup of a countable
divisible p-group, and each countable divisible p-group is a direct sum of up
to countably infinitely many copies of Z(p∞) (c.f. [16] 4.1.5 and 4.1.6), we
may assume without loss of generality that the p-component of Gn is of the
form Z(p∞)m for some m ∈ ω or of the form Z(p∞)<ω.
Inductively define a sequence (nk) as follows. Let n0 be the least such
that for all n ≥ n0, Gn is p0-compact. In particular, for all n ≥ n0, Gn is
torsion, and hence by our assumption is a direct sum of its p-components
for all p ∈ P. If nk is already defined, let nk+1 > nk be the least such that
for all n ≥ nk+1, Gn is pk+1-compact.
Define L0 =
∏
i<n0
Gi, if n0 > 0; otherwise let L0 = {0}. For k > 0, let
Lk =
∏
nk−1≤i<nk
Gi.
Then
∏
n Ln is isomorphic to
∏
nGn, and the p-component of each Ln is
still of the form Z(p∞)m for some m ∈ ω or of the form Z(p∞)<ω. Now for
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all n > k, Ln is pk-compact, and therefore its pk-component is of the form
Z(p∞k )
m for some m ∈ ω. Denote this m by m(n, k).
For all n ∈ N+, define
Mn = max{m(n, k) : k < n}
and inductively define
N1 = 1, Nn+1 = Nn +Mn + 1.
Then (Nn) is strictly increasing, and for all n ∈ N+, Nn ≥ n.
Define K0 = H0 = H0 ×A0. For n ∈ N+, define
Kn = An ×
∏
Nn≤i<Nn+1
Hi.
Then
∏
nKn is isomorphic to
∏
n(Hn × An), and it suffices to show that
each Ln is a subgroup of Kn.
For n = 0, K0 = H0 = A∞ is a universal countable abelian group, and
thus L0 ≤ K0. Now fix n ∈ N+. By our construction, for every k < n, Ln is
pk-compact, and its pk-component is of the form Z(p
∞
k )
m(n,k), while the pk-
component of Kn is of the form Z(p
∞
k )
Mn+1. For k ≥ n, the pk-component
of Kn is of the form Z(p
∞
k )
<ω. Thus for all k ∈ ω, the pk-component of Ln is
a subgroup of the pk-component of Kn. Since Ln and Kn are both torsion,
we have that Ln is a subgroup of Kn. 
8. Other remarks and open problems
There are many questions left open on the subject of this paper. On the
structure of tame non-archimedean abelian Polish groups, the following is a
basic question with the most potential impact.
Question 8.1. Is every tame non-archimedean abelian Polish group a closed
subgroup of a tame group which is a countable product of countable discrete
abelian groups?
A positive answer would not only simplify many results of this paper but
also imply the existence of a universal tame non-archimedean abelian Polish
groups by Proposition 7.2.
In Solecki’s Theorem 4.2, the necessity direction is true without the
abelian assumption. Thus in particular it applies to all countable products
of countable discrete groups. We do not know if our Lemma 4.6, which is
a generalization of Solecki’s necessity condition, is still true for TSI groups,
i.e., closed subgroups of countable products of countable discrete groups.
Our current proof of Lemma 4.6 for the abelian case uses Lemma 4.4, which
is demonstrably false for non-abelian groups.
Our interest on the existence of a universal, surjectively universal, or
weakly universal object in a class of Polish groups is because these questions
are good test questions on our understanding on the structure of the groups.
Unfortunately all of these questions are open for tame non-archimedean
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abelian Polish groups. Chang [2] has shown that there is a surjectively
universal locally compact non-archimedean abelian Polish group.
In view of Proposition 7.2, we are particularly interested in the question
on universality.
Question 8.2. Is there a universal tame non-archimedean abelian Polish
group?
Turning to the orbit equivalence relations of tame non-archimedean abelian
Polish groups, we already remarked before that none of the upper bounds
in the form of E+ are sharp. For the rank of group trees, we know that the
bound ω in Theorem 5.8 and the bound ω · 2 in Corollary 5.7 are sharp, but
we do not know that the bound ω · 3 in Theorem 5.6 is.
We also do not know that the bound on the potential Borel class of the
orbit equivalence relations, that they are all potentially Π06, is sharp. In
fact, we propose the following bold conjecture.
Conjecture 8.3. Let G be any non-archimedean abelian Polish group. Then
every G-orbit equivalence relation is Borel reducible to Eω0 , and therefore is
potentially Π03.
Finally, Theorem 6.1 is a special case of the following general conjecture.
Conjecture 8.4. Let G be any abelian Polish group and F an orbit equiva-
lence relation induced by a Borel action of G on a Polish space. If E ≤B F
and E is essentially countable, then E is essentially hyperfinite.
This conjecture was first mentioned in [8] as a passing remark, and has
gained traction since the settlement of the countable case [6]. Our Theo-
rem 6.1 provides more evidence, beyond which the conjecture is wide open.
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